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We present a quantum system composed of infinitely many particles, subject to
a nonquadratic Hamiltonian, for which it is possible to investigate the long time
behavior of the dynamics and its ergodic properties. We do so both for the
KMS states and for a large class of locally normal invariant states, whose very
existence is already of some interest.
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1. INTRODUCTION

The last years have witnessed a growing interest in the ergodic properties
of non relativistic quantum systems. For example, on the one hand a large
literature has been devoted to the so called “quantum chaos,” that is to the
study of the spectrum of the Hamiltonians whose classical associated
motion enjoys strong ergodic properties (see refs. 14, 19, and 33 for an
overview). On the other hand, there has been renewed interest in the
study of the convergence to equilibrium in quantum systems (i.e., in the
study of strong statistical properties directly in the quantum set-
ting).(1315:23.28.29.34) Of course, in order for such ergodic properties to be
present at all, the quantum system must have infinitely many degree of
freedom, otherwise only quasi periodic motions can take place.
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The present paper illustrates, and investigates in details, a simple, but
non trivial, class of models of infinite non relativistic quantum systems that
exhibit relaxation to equilibrium. Such models are examples of one dimen-
sional harmonic crystals with defects first studied by Ford, Kac, and
Mazur'” and are akin to the one studied in ref. 9 from a different point
of view. Indeed, the model consists of an infinite harmonic chain of par-
ticles with a special particle subject to a non harmonic external potential.
It can also be thought as a model for a particle subject to an external
potential and in contact with a thermal bath (see ref. 9 and references
within).

The aim of our analysis is not only to obtain a full understanding of
the examples at hand, which already present interesting features, but also
to use these concrete examples as a guide into the subtleties of the matter.
In particular, on the one hand our work illustrates the role played by the
choice of the right set of observables, on the other hand it suggests that
some regularity requirements, usually assumed in the study of C*-dynami-
cal systems (see, e.g., refs. 8 and 28), may be too stringent to be applicable
to the cases under consideration, which fall into a very general setting.

In contrast with much work present in the literature, our models are
not exactly solvable (the dynamics it is not linear) and we go beyond KMS
states.

We first show that, when the dynamics is linear, the above systems are
mixing (or strongly clustering, according to terminology in current
literature) with respect to a large class of quasi-free states. This result is
neither surprising nor completely new. Namely, similar results exist for
classical and quantum systems (see, e.g., refs. 13, 22, and 35) and only a
technical difficulty—in our systems the spectrum of the generator of the
classical dynamics may not be bounded away from zero—prevents us from
presenting our results as a corollary of previous ones. Remark that the
restriction to quasi-free states is rather natural since, under some technical
conditions, all invariant states for a linear dynamics are quasi-free.®

Next, we consider the case in which a non-harmonic potential acting
on the special particle is present (in fact, we consider bounded analytic per-
turbations of a harmonic potential). It is well known that, in such a situa-
tion, the dynamics can be expressed via a perturbation expansion. The
novelty here consists in the possibility to control the series uniformly in
time when the perturbation is not too large. Thanks to this, we are able to
investigate the asymptotic properties of our model. We prove that the
KMS states are mixing once the algebra of observable’s has been properly
restricted. More surprisingly, to each quasi-free state, invariant for the
linear evolution, it is associated an invariant state for the perturbed evolu-
tion and such states are mixing, provided the original one is.
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This last result seems to point to a persistence of the integrals of
motion under perturbations and may suggest that the stability theorems
which characterize the KMS state as the only stable state® 239 employ a
definition of “stability” too strong to be physically relevant, at least in
some cases. We think this possibility deserves to be further investigated,
eventually considering more general perturbations and different integrable
models as a starting point.

The above mentioned smallness assumption on the non quadratic part
of the external potential is such that we cannot change the convexity of the
potential. Accordingly, we cannot consider a double well potential. It is not
clear to us if this limitation is just of a technical nature or if it corresponds
to a physical obstruction. This problem requires further study.

The mathematical machinery employed is borrowed from operator
algebras. As we always deal with dynamical systems where the time evolu-
tion has continuity property weaker than norm continuity, we cannot work
directly in the framework of C*-dynamical systems. Moreover, the ergodic
properties that we want to investigate are not likely to hold on “natural”
von Neumann algebras. Thus also W *-dynamical systems are not adequate
to our needs. In view of such a situation we introduce the following setting.

We consider the couple (21, a,) where 2 is a C*-algebra and ¢ — «, is
a representation of the additive group of real numbers into the group of the
automorphisms of the C*-algebra 2, that is a dynamical system.

We say that a representation 7 of 2 on a separable Hilbert space gives
rise to a continuous dynamical system if the maps

teR—- m(a,A4)

are all continuous in the weak (equiv. strong, strong*) operator topology.

As it is widely known, there are very simple examples satisfying the
above picture, e.g., the dynamical system associated to a free particle.
Moreover, if we deal with a group of Bogoliubov transformations ¢t — T,
of a CCR C*-algebra built on a symplectic space (H, g), the Gelfand-
Naimark—Segal (GNS for short) representation 7, relative to any state w
gives rise to a continuous dynamical system according to the above defini-
tion, provided that both functions

TeR - a(u, T,v)
TeR- o(W(u+T,v))
are continuous for fixed, u, ve H.

It is straightforward to show that, if w is an invariant state satisfying
the above conditions, then the time evolution is implemented on the GNS
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Hilbert space #, by an one-parameter weakly continuous unitary group.
Thus, the GNS triple relative to @ leads to a continuous covariant
representation for the system (2, «,, ®).

In this paper, a triple (21, a,, @) made of the dynamical system (2L, a,)
together with a state @ such that the GNS representation 7n,, gives rise to
a continuous dynamical systems in the above sense, is said to be a Quan-
tum Dynamical System (QDS for short).

Concerning ergodic properties of a QDS (2, «,, ) with w invariant,
we introduce the following definitions (see, e.g., refs. 16 and 21):

(1) (W, a,) 1s asymptotically abelian if

lim [« 4, B]||=0
t— o0

for every 4, Be 2.

(i) (W, a,, w) is ergodic if w is the only invariant state for «, in
(A

(i1) (AW, e, w) is weakly mixing if
m(w(A(a,C) B)—w(AB) o(C))=0 (1.1)

for every 4, B, Ce 2 and m, is any invariant mean on R.

(iv) (W, a,, w) is mixing if

Iim w(A(e,C) B)=w(AB) w(C) (1.2)

t— o0

for every 4, B, Ce L.

We note that a state w enjoying properties (iii) or (iv) is referred, in
the current literature, as a weakly clustering or strongly clustering state
respectively, see, e.g., refs. 7, 8, 16, 21, and 28. Yet, in analogy with the
classical case, we prefer to retain our terminology since properties (iii) and
(iv) are the natural generalizations to quantum (i.e., non commutative)
cases of analogous properties considered in commutative cases, see, e.g.,
refs. 4 and 17.

Noticing that we have the chain of implications (iv)=>(iii) = (ii) for
the above properties (ref. 21, Theorem 2.1), we focus our attention only on
properties (i) and (iv).



Ergodic Properties for a Quantum Nonlinear Dynamics 961

Finally, we remark that, for asymptotically abelian QDS (2L, «,, ),
property (iv) is equivalent to

lim w(Ao,B)=w(A) w(B) (L.3)

t— o0

for every 4, Be U (two-point clustering).> We will always use the above
remark when proving mixing.

A tool often used in C* or W?*-dynamical systems in order to
investigate asymptotic properties is the following strengthening of (i):

(v) (W, a,) is L'-asymptotically abelian if there exists a norm-dense
x-subalgebra U, < A such that

| I, B i< + o0
0

for every 4, Be .

We will employ a similar, but weaker, condition in our analysis,
although we do not find convenient to state it in such general terms (basi-
cally, we require (v) for a much smaller set of operators).

The paper is composed by three parts.

The first one (Sections 2—4) contains the presentation of the class of
models under consideration together with some of their basic properties.
The linear case and ergodic properties of some of its quasi-free states are
also investigated in great detail.

The dynamics, as well as ergodic properties of the non-linear case
(obtained by perturbing the linear system via a non-quadratic potential), is
intensively analyzed in the second part (Sections 5 and 6) of the paper.

The last part includes three appendices where, for the reader’s con-
venience, we have collected all the needed computations.

2. THE MODEL AND THE RESULTS
We begin our analysis considering the Hamiltonian

11 K,
H(q, p)=7— Z <M m> p§+7° Y (giv1—a:)?

ieZ ieZ

ieZ

3 For KMS states of C*-dynamical or W*-dynamical systems, the equivalence between (1.2)
and (1.3) holds independently of asymptotic abelianess.
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For simplicity we choose the unity of measure such that m=1,
4K,=1 and A~ =1. Thus we obtain

| 1/1 |
H(g, p)=5 X P?+2<—1>P3+ > (qis1—4:)?

ieZ M 8 ieZ
K
+ 2 547+ V4(q0) (2.1)
ieZ

As a preliminary step, in the first part of the paper we will consider the
special case in which V(q)=(K/2) ¢>, K>0, which yields the quadratic
Hamiltonian

1 1/1 1
H == 2 — 7—1 2 - . — .2
(¢, p) 2ieZZp,+2<M >po+8ieZZ(q,+1 q:)
K
+Y S24+3 42 (2.2)
ieZz 2

Clearly H represents an infinite harmonic chain with a particle of
different mass subject to an external potential. We will consider both the
case k¥ >0 and the case x =0, when an infrared divergence is present.

In order to study the evolution of such a (quantum) system, let us
consider the real vector space L%(Z)*:=L3%(Z)@® L%(Z) of the doubly
infinite sequences that are square summable and the symplectic space
(L%(Z)? o) with symplectic form

alv,w)=3 Y vjw;—uviw;
ieZ

for each v= (v, v?), w=(w!, w?) e L%(Z)
We introduce the block operator A4,: Ly(Z)* - Li(Z)?

4 _< 0 I—a?)
P\M k20

where 4= —x,* a=1—1/M and 2, A are operators from L(Z) to L%(Z)
defined by (2v);=J,ovy and (4v);=v,;, +v,_; — 2v;, respectively.’

4 This notation is convenient since the parameter u can be interpreted as a kind of “chemical
potential” in analogy with ref. 8, Section 5.2.
5> The Hamilton equations associated to (2.2) read

(3)=»(,)
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It is well known (see, e.g., refs. 1-3, 8, 20, 24, 26, and 38) that, in a
quantum system, the observables are described by a CCR algebra over
(appropriate subspaces of ) L%(Z)?. More precisely, to each symplectic sub-
space H = L%(Z)? it is uniquely associated a C*-algebra A(H, 7).°

The algebras of observables that will be relevant in the sequel are
determined by the Banach spaces W”(Z) made of sequences v = {v,} such
that

[l gnz=| X (k" +1) |v| | < + o0
keZ
(of course W°=L").
It is immediate to verify that A generate a one-parameter group of
Bogoliubov automorphisms (simply the adjoint of the classical evolution)

Ty := ey, teR (2.3)

on each of the symplectic spaces (L%(Z)?, o) and (W%(Z)?% o). Thus, the
dynamics relative to the Hamiltonian (2.2) is uniquely determined on all
C*-algebras A(L%(Z)% o) and A(W(Z)? o) by the following action on
the generators:

a0 W(v) = W(T*v), teR (2.4)

t

In Section 4.1 we will see that the C*-algebra A(LZ(Z)? o) is asymp-
totically abelian w.r.t. the dynamics a/°, u <0, whereas the C*-algebra
A(WZ(Z)? o) is asymptotically abelian w.r.t. the dynamics a%° (Proposi-
tion 4.1).

Next, in Section 4.2, we introduce a wide class of quasi-free states w
for the case 4 <0. We show that the associated Quantum Dynamical
System (A(LZ(Z)? o), a*°, w) is mixing (Proposition 4.3). Such states do
include the KMS states and ground states (see Section 4.4).

The case with g =0 is analyzed in Section 4.3 where a class of quasi-
free states w, containing KMS states, is studied as well. Also in this case,
the QDS (W(W2(Z)? o), a>°, w) is mixing (Proposition 4.6).

The definition of the dynamics a/ ¥ associated to the Hamiltonian
(2.1) with

V. (x) :=§ x2 4 V(x)

®Given a sympletic subspace H < L%(Z)? the associated CCR C*-algebra U(H, o) is
generated by the Weyl operators { W(v)},.y with the relations W(0) =1, W(—v)= W(v)*,
and W(v) W(w)=e """ W(v+w).?» Notice that the C* norm is uniquely determined by
the algebraic structure,® Theorem 5.2.8.
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is more delicate. The main obstacle is that the operator associated to the
potential } is not necessarily an element of the above C*-algebras.
To be more precise we will consider

V(x) = jR P y(d2)

where v is a bounded complex measure with real Fourier transform.
Clearly, the self-adjoint operator P naturally associated to ¥(x) should be

P ::[ Wiieo, 1) v(d2)

where e, ; =(eq,0) and, as usual, e¢;=(.., 0, 1,0,..). Unfortunately the
above integral has meaning only in the weak topologies associated to a
suitable representation 7 of A =A(W%(Z)?, ) (e.g., the weak*-topology of
7(A)"), not in the norm one. It is thus necessary to enlarge in a canonical
way our C*-algebras in order to define QDSs in the non linear case. This
new algebra of observables will depend on the state under consideration.
Note that the idea to choose the von Neumann algebra associated to the
representation would not be too good: on such an enormous algebra there
is no reason why the system should enjoy any interesting ergodic property
at all. The above program is carried out in Section 6, where suitable
C*-algebras M, are introduced.

It should be noticed that the present program bears some analogies
with work done on these “Quantum Langevin Equation.” In fact Ford,
Kac, and Mazur'") have shown that the time evolution of the position of
the heavy particle of the model described above, limited to the harmonic
case, can be described, but only in an appropriate scaling, by a Quantum
Langevin equation (see ref. 9 for a derivation in the anharmonic case).
Such a Langevin equation has been investigated by Maassen in ref. 25 with
an approach similar to ours. In particular he is able to study the return to
equilibrium for temperature states. It should be noted that, given the
special nature of his setting, he can treat a larger class of anharmonic per-
turbations.”

Our main result can then be summarized by the following theorem.

Theorem 2.1. Suppose that the potential V is sufficiently small.

7 After the completion of this work, Botvich and Maassen® have obtained an improvement
of some of the present results, limited to the KMS states.
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Then the following assertions hold.

(i) To any quasi-free state @ on 2 invariant w.r.t. the linear
dynamics a/°, such that ve Wx(Z)*> - w(W(v))e C is a Borel function, it
corresponds a unique state w, on i, invariant w.r.t. the non linear
dynamics a> ¥, which can be obtained as the following pointwise limit:

w(A)= lim w(a*FA)

t— + oo

(ii) If the QDS (2, a*°, ) is mixing, then the QDS (M, «* ¥, w )
is mixing.

The meaning of “sufficiently small” in the above theorem is specified
by (6.1), in particular ¥ must be analytic.

A crucial step in the proof of the above theorem is the derivation of
the following integral equation (see Lemma 6.9)

f(v)=aw(W(v)) +Iw dsf v(dA) f(ley, + T,v) g(v, s, A) (2.5)

0 R

where f belongs to the class of locally bounded Borel function on the
symplectic space and g is a kernel determined by the commutation rule
between Weyl operators (5.6). We show that, in our case, Eq. (2.5) has a
unique solution given precisely by f(v) = w.( W(v)).

It is quite clear that the above equation holds in a more general
setting and could be the starting point for a non perturbative study of the
approach to equilibrium (see ref. 32 for very recent related results).

3. PRELIMINARIES ABOUT THE LINEAR MODEL

Even though much of the analysis of the linear model can be carried
out by general considerations, to study ergodic properties of our specific
models it is necessary to have detailed information on the spectral proper-
ties of the infinitesimal generator of the time evolution.

In order to obtain a more explicit representation of the time evolution
(2.3) relative to the quadratic Hamiltonian (2.2), we use the discrete
Fourier transform.

If we define F: L*(Z)— L*(—1, 1) by

Fo:=) uve™
keZ



966 Fidaleo and Liverani

then it is easy to show that F(L%(Z)) is precisely made of all functions
{feL*(—1,1)| f=Cf} =: L where the conjugation C is defined by

()(x) := f(—x) (3.1)

As F is a unitary map, it is an isometry on L := F(L2(Z)?) equipped with
the natural scalar product

So=i] f

Moreover, F realizes a symplectic map between LZ(Z)*> and L,
provided we equip the last space with the symplectic form

a(f. g)=3(f1 g —{f% g")) (3.2)

where = (f', f?) and g=(g', g?) are element of L (by a slight abuse of
notation we have used o to designate the symplectic form both on I and
L(Z)?).
A straightforward computation yields
— Y
A= FAF~! :< 0 ~ 04 a¢7)>
Q+ul—K» 0

where 2: L — L and Q: L — L are defined by 2f =1[' | fand (Qf)(x) =
1(cos(nx) —1) f(x) :=w(x) f(x). Note that, setting c=M —1, (I—a?)~!
=I+c¢? and Q +ul —K? =Q + u(I + ¢?) — bP, with b= K + uc.

We are interested in studying analytic functions of 4,,, hence of 4,,. In
particular, we need an explicit expression for e,

Setting
r=I—a?, D:=Q-bP
we have
0, :=(I—aP?)Q+T"'u—bP)=ID+ul (33)
in addition,
0,I=ro:

(I" and D are both self-adjoint).
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The importance of (3.3) is clear if we compute the dynamics (2.3) via
its Taylor expansion. We obtain

[2}1 <F_1@ZF 0>+ oo t2n+1 < 0 F—l@/r:+l>
0 or) " = Cnt\OLT 0
(3.4)

where the series converge in norm, uniformly on bounded sets of R.
In conclusion, we need to develop a functional calculus for the
operator

O:=0,=I'D=Q—P(pl+af)

where p =b(1 —a). Since the spectrum of Q is [ —1,0], and it is all essen-
tial spectrum, the spectrum of @ (which is a perturbation of Q2 by a rank
one operator) must contain [ —1,0], see ref. 10. In addition, for all
z¢ [ —1,0] for which

(z)=—{1—L1,(pl+aQ)(Q—z)"" 1)} ! (3.5)
it is well defined, it is easy to verify that
Ro(z):=[I—0(z)(Q—zI)"' P(pl+aR)](Q —zI)~" (3.6)

is the inverse of ® — zI (just multiply on the left and on the right), that is
the resolvent of ©. Consequently the study of the spectrum of @ is reduced
to the study of d(z).

From Appendix A we have, for all z¢ [ —1,0],

2(p+az) }_1

3.
(1+22)2—1 (37

5(2):—{1—514-

which is well defined for z¢ [ —1,0] only if 1 + K/(1 + k) <M <1+ (K/K);
otherwise it has one pole on R\[ —1, 0] which corresponds to an eigen-
value of the operator @ (for details and the exact definition of the square
root see Appendix A). We also note that, as (see (3.1) for the definition
of C)

OC=Co
it is easy to verify that

CRo(z) C=Ry(2) (3.8)
T~V2Ry(z) TP =T"2Rgu(z) [ ~? (3.9)
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Summarizing we have

Proposition 3.1. If fis a function analytic in a neighborhood of
[—1,0], 1+ K/(1+Kx)<M<1+(K/x) and p, is a Jordan curve in the
domain of analyticity of f and surrounding counterclockwise [ —1,0].
Then

(1) f(O)=—(1)2xi) jn f(z) Rg(z) dz, where the integral is under-
stood as a Bochner integral.
(ii) The operator I ~Y2f(®) I'/? is a normal operator.
(iii) If £ _y, o7 is real, then

(a) Cf(0) C=/(0),
(b) I'"'2f(O@) ' is self-adjoint.
Proof. (i) Since we show in Appendix A that, under the above

hypothesis on M, the spectrum of @ is [ —1,0], the first part of the
proposition follows from the standard analytic functional calculus.!?

(i) We choose a sufficiently small rectangle surrounding [ —1, 0],
symmetric w.r.t. the usual complex conjugation, as the contour y,. Thus,

r=12f(0) r'?) *—(1.j

2nmi J,,

fz) T ~V2Ry(z) 'V dz>*

= * —1/2 1/2
= s [ S TR () 12

Ve

EF*I/Zf*(Q) F1/2

since f*(z):= f(Z) is also analytic in a neighborhood of [ —1,0]. The
second identity follows by (3.9) after an elementary change of variable in
the integral. Then

(1_,71/2](.(@) F1/2)* Fﬁl/zf(@) I—~1/2:1-v71/2f*(@) f(@) 2

=I'2/(0) f*(6) '
=1-v71/2f(@) I—~1/21—~71/2f*(@) I-vl/2

EFfl/Zf(@) F1/2 1/2f 1/2

that is I"~'2£(@) I'/* is normal.
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(i) As f(z)=f*(z) in a neighborhood of [ —1, 0], if f is real when
restricted to [ — 1, 0], the last part of the assertion now follows directly by
the above computation for (b) and by a similar calculation for (a) taking
into account (3.8). |

4. ANALYSIS OF THE LINEAR MODEL

In this section we will investigate ergodic properties of the class of
linear models presented in Section 2.

The study of the spectrum of @ has already emphasized that if
M¢(1+K/(1+k), 14+ (K/i)), then it is present a point eigenvalue, hence
the motion has a periodic component. Clearly, in such a situation the
system will exhibit a periodic component (and thus will not be mixing),
unless the point eigenvalue corresponds to the ground state. To simplify
matters we will restrict our discussion to the case Me(l+ K/(1+k),
1+ (K/k)) and split up our analysis in two cases: = —x <0 and u =0.

4.1. Asymptotic Abelianess

Here we analyze the properties of asymptotic abelianess of (suitable
CCR subalgebras of) the CCR C*-algebra A(LZ(Z)? o). Because of the
possibility of an infrared divergence, due to the presence of the spectrum of
O up to 0, we distinguish the case with g =0 from the case with u <0
where no infrared divergence is present.

Proposition 4.1. The following assertions hold.

(i) For each <0 the C*-algebra A(LZ(Z)? o) is asymptotically
abelian w.r.t. the dynamics generated by ¢t - W(T#v).

(i) If =0 the C*-algebra W(Wg(Z)* o) is also asymptotically
abelian w.r.t. the dynamics generated by 1 — W(T%v).

Proof. Setting

I 0 ~ I 0
S:=<0 ]>, S:=<0 F‘1> (4.1)

we compute o(u, T#v) for general elements u and v in L*Z)* (or in
W?(Z)? when u=0). By Proposition B.2 and B.1 it follows

1 2 0
0'(1/{, T/:U) =35_ Z f . Amj(x +/"9 t) r(§u)m, (Sv)j(x) dx

T m, j=1
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where A4, (z+pu, 1), m, j=1,2 are (except a sign) one of the functions
hy(z+p, 1), hy(z+u, t) or (z+pu)hy(z+u,t) given in Appendix B. After
the change of variable &= —(x + u), we obtain

1—u

1 2
au, Thv)== 3 Ay (E1) fonf (E) T gm, 500 (—(E2 + 1)) dE
T m, =

1 —H

where a,,;(1) is sin(z) for the diagonal elements and cos(&?) for the off-
diagonal ones whereas f,,({) is & for the off diagonal elements, one for
(m, j)=(1,1) and & for (m, j)=(2, 2). Finally, for every m, je {1,2} and
1 <0, we have the estimate

VI-r
2 jﬁ AE | (€)1, s (— (& +10))]

—H
0 = .
< max{ l—u,l}j dxw
-1

—(x+u)

(i) From (B.2) we obtain

fo dx |”(§)um, (Su)f(x)| Cia
-1

< Jul 2 o]l
NETT INET T R

So that o(u, T#v) is the combination of four pieces each of them being
proportional to the real or imaginary part of the Fourier transform of
a summable function. We immediately conclude, by Riemann-Lebesgue
lemma,

lim o(u, T4#v)=0
t— + oo

Now, as
ILW (), W(Tv)]| =2sin |o(u, TYv)|

we have proved the assertion for a total set in A(L%(Z)? o). The proof
follows by a 3e-argument.®

(i1)) The assertion follows by (B.3). ||

8 Note that this result, as well as analogous results contained in this section, is well known
(see, e.g., refs. 22 and 35) and can be obtained in a softer way (that is, the precise knowledge
of the spectral measure is not needed).
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4.2. Quasi-free States: Case with u<0

Here we exhibit a class of quasi-free states which are invariant on the
CCR C*-algebra A(L%(Z)? o) and mixing for the dynamics given by the
Bogoliubov automorphisms (2.3).

In order to construct quasi-free states, we start by their two-point
functions® and we adopt the formalism developed in refs. 1 and 2 for a pure
matter of convenience (see below). In this way, it is allowed to compute
two-point functions for general complex combinations of (unbounded)
fields and conjugate momenta. In order to recover the corresponding quasi-
free state on the Weyl algebra it is enough to restrict the two-point function
to real elements.

Proposition 4.2. Let F(z) be a complex valued function which is
analytic on a neighborhood of the spectrum of @, and such that

(i) F(z)>0,
(i) —zF(z)*>3
when restricted to the spectrum of @, =[ —1+pu, u].
Then the two-point function Bg(u, v) :=<u, Bpv) given by

_/ (Fe,)r 0
BF(U, p)_<u, ( 0 —F_IQHF(@”)> U> (42)

leads to a quasi-free state, invariant for a*°, on the CCR C*-algebra
ALYZ), o).

Proof. We give only a brief sketch of the proof since it follows a well
known strategy. It is convenient to adopt the formalism developed by
Araki.(:?

One considers the self-dual CCR algebra W(L*(—1,1)% C,y). The
antilinear operator C := C@ C is the natural conjugation (see (3.1)) for the
phase-space L% —1, 1)? and the bilinear form y = 2io.

By using Proposition 3.1 it is straightforward to verify that the
modified two point function

Fo,)T é I
Be(u,v)={ u, ; v

—31  ~T7'6,F6,)

°If B(u, v) is a two-point function (see, e.g., refs. 1, 2, 8, 26, and 38), then the associated quasi-
free state w is uniquely determined, on the CCR algebra, by

o(W(v)) = e~ V2 B o)
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satisfies all the conditions contained in ref. 1. Restricting the two point
function Br— 1y to the CCR C*-algebra A(L%(Z)? o) we obtain the two
point function By defined in (4.2) satisfying all the conditions given in
ref. 38, p. 173. |

We now analyze the mixing properties of the quasi-free states on the
CCR-algebra A(LZ(Z)? o) given by the above two-point function.

Proposition 4.3. Let w; be the quasi-free state on the CCR
C*-algebra A(LZ(Z)% o) given by the two-point function (4.2) relative to
the analytic function F.

Then (A(LE(Z)?, ), a*° wy) is a mixing QDS.

Proof. The proof proceeds as the part (i) of Proposition 4.1.
By density it is enough to compute

lim wg(W(u) W(T#v))

t— t oo !
for u, ve L%(7)% We get
wp(W(u) W(T%v))
= e~ T o (W(u+ Thv))

:CUF( W(u)) CUF( W(v)) o —(io(u, T4v) + (1/2)<u, BpT4v>) + (1/2)<v, By T*" ,ud)

Taking into account Proposition B.2 we obtain, after an elementary
change of variable,

2 /1—u
G BeTovy = Y [T F(—E) &) fog(E) rgum s —(E+ 1)) E
m, j=1 —H

where a,,;({?) are the cosine function for the diagonal elements and the sine
function for the off-diagonal elements, whereas f,,(¢) are all bounded (the
linear maps S, S are as in (4.1)). The proof easily follows from (B.2) by
Riemann-Lebesgue lemma. ||

Remark 4.4. For the sake of completeness, we remark that, on the
CCR C*-algebra A(W2%(Z)? o), quasi-free states given by unbounded
functional calculi of the operator @, can also be defined. These quasi-free
states leads to QDSs which are mixing as well.

For this generalization see Proposition 4.5 and Proposition 4.6.
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4.3. Quasi-free States: Case with u=0

Now we describe quasi-free states on the CCR algebra in presence of
infrared divergence, that is when x=0. In this case, condition (ii) of
Proposition 4.2 contradicts the hypothesis that F be analytic in a neighbor-
hood of [ —1,0]. To overcome this difficulty, we need weaker conditions
than those contained in Proposition 4.2. This can be done by paying the
price of restricting the CCR C*-algebra to be (W Z(Z)% o).

Proposition 4.5. Let F(z) be a complex valued function, analytic
on a neighborhood of [ —1, 0), which satisfies

(i) F(z)>0o0n[—1,0),
(i) —zF(z)*>>%on[—1,0),
(i) [°,dx/—xF(x)<+ 0.

Then the two-point function given by
1 (0
B, v)i=— [ dx F(X)[r0, () = %71, 2(x)]
T Y1

gives rise to a quasi-free state wz on the CCR C*-algebra W(W2(Z)% o)
which is invariant for the dynamics o%°.
Furthermore, (W(WE(Z)% ), 2%, wy) is a QDS.

Proof. We report only a sketch of the proof and leave the details to
the reader.

Thanks to the conditions (i)—(iii), the above two-point function is well
defined (i.e., finite) and satisfies on (W2(Z)? o) all conditions of p. 173 of
ref. 38. So it defines a regular quasi-free state on A(W3(Z)% o).

In order to prove the invariance property, it is enough to prove it for
the Weyl operators. But this easily follows taking into account that Bj
arises also from a (unbounded) functional calculus of @, see Proposition B.2.1°

Concerning the last assertion, by invariance it is enough to show that,
for u, ve W2(Z)?, the function ¢ — Bz(u, T,v) is continuous. But this is a
simple consequence of condition (iii) by the application of Lebesgue
dominated convergence theorem. ||

10 One could exhibit a more direct proof of this fact as, by condition (iii),

. FO, T 0
Bp(T,u, T’U):”lfg, <T’,‘u, ( 6‘ —Fl@”F(@”)> T’t‘v>

The assertion now follows by Lebesgue dominated convergence theorem taking into
account the invariance property of the r.h.s.



974 Fidaleo and Liverani

We now analyze the mixing properties of quasi-free states described, in
presence of infrared divergence, by Proposition 4.5.

Proposition 4.6. Suppose that F satisfies the properties of Propo-
sition 4.5.
Then the QDS (A(WE(Z)?, ), o, wp) is mixing.

Proof. The proof follows the one in Proposition 4.3 using, at the end,
estimate (B.3) and taking into account condition (iii) of Proposition 4.5. ||

4.4. The KMS States

Here we check the temperature states for our model making a distinc-
tion between the case <0 and the case u =0 where infrared divergences
are present. We adopt, for the KMS boundary condition, the definition
contained in ref. 37, p. 133.

We fix our attention on the complex function

F ey B2~ )
S NEE)

where the square root is defined according to Appendix A.

Proposition 4.7. Let £ <0, f>0 be fixed and consider the two-
point function

1 0
B, 4(u,v) :=; Ll dx F, g(x)[7, rot(X) — (X 4+ ) rp-1,2 2(x)] (4.3)

(i) If <0 and u, ve L*Z)? then the two-pointfunction (4.3) gives
rise to a KMS state w, 4 at the inverse temperature f for the CCR
C*-algebra A(L%(Z)?, o) w.r.t. the dynamics a’°.

(ii)) Ifu =0 and u, ve W3*Z)?, then the two-point function (4.3) gives
rise again to a KMS state w, z at the inverse temperature 8 for the CCR
C*-algebra A(W%(Z)?, o) w.r.t. the dynamics o%°.

Proof. 1t is well known that the analytical functional calculus relative
to the function

Flz)= coth((f/2) / —2)
N/ —Z
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gives rise a KMS state for the dynamics (2.4). This can be seen, e.g., by
computing the KMS states for finite systems (see ref. 38, Lemma 5) and
then by taking the infinite volume limit (see also ref. 22, Section 6).

(1) As Ry, ,;(z)=R,(z— 1), a simple change of variable gives the
assertion.

(i1)) The assertion follows as

0

I dx /) —xFy gx)<+oo |
—1

It is straightforward to verify that the complex function

leads to ground states for our systems.
We leave to the reader the proof of the following

Proposition 4.8. Let u<0 be fixed and consider the two-point
function

By (it v) = [" {”"”'(X)Jﬁ/—(xw) e e(x)| (44)
T -1 —(x+u)

(i) Ifu <0 and u, ve L*(Z)?, then the two-point function (4.4) gives
rise to a ground state w, , for the CCR C*-algebra A(L(Z)? o) w.r.t. the
dynamics a*°.

(ii) If =0 and u, ve W*Z)?, then the two-point function (4.4) gives
rise again to a ground state w,_,, for the CCR C*-algebra A(WH(Z)? o)
w.r.t. the dynamics a2 °.

As an immediate corollary we have the following
Proposition 4.9. Let u<0, f€(0, +o0)uU {oo}. Then both QDSs
A(LH(Z)* 0), a%° w, ») and WW3(Z)* 0), o) °, w,, g) are mixing.

Proof. The proof is an immediate consequence of Proposition 4.3
and Proposition 4.6 respectively. ||
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5. THE NONLINEAR CASE

In this chapter we want to extend the results contained in the first part
of the paper to some non harmonic cases.

Namely, we would like to consider the case when some particles are
subject to a non quadratic external potential. Since the main purpose here
is to exhibit non linear models for which the ergodic properties can be
completely investigated, we will restrict ourselves to the case with a bounded
non quadratic external potential acting only on a particle, for instance the
Oth-particle.

5.1. The Nonlinear Perturbation

In order to treat the time evolution in presence of a non harmonic
external potential acting on the Oth-particle, we need to enlarge the CCR
C*-algebra A under consideration since, in general, it will be no longer
invariant for the new dynamics. This is done in a standard way by con-
sidering W*-dynamical systems. Such dynamical systems arise from the
GNS construction relative to any regular state (say w) such as the quasi-
free states considered in the first part of this paper. Thus, starting by the
QDS (2, % w) with w regular, we naturally obtain a W* dynamical
system (7,,(2)", «?) where the linear dynamics o is generated (in Heisenberg
picture) by a strongly continuous one parameter unitary group:!!

no(0fd)=Um,(4) U

Since we consider a bounded perturbation of the dynamics according
to ref. 8, Proposition 5.4.1, for a fixed element Pen, (A)" the perturbed
dynamics will be the unique solution of

t
afA=olA+i| dsal[P,al 4] (5.1)
0

4

where a denotes the linear dynamics extended to any element A € 7,(2)".
In our case P is precisely the non quadratic part of the external potential
acting on the Oth-particle. It will be expressed in the form

P=V(go):= | m(Wiieo,1)) w(dd) (52)

1 To simplify notations, we will suppress the index y in the dynamics since this will not create
ambiguities in the sequel. Thus we write a? instead of a#°.
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where v is any finite complex Radon measure on R with real Fourier trans-
form. The last property translates as

VO}’Z\j (53)

where r is the mirror reflection on the real line and v denotes the measure
obtained by complex conjugation. The above integral is understood as
an integral in the strong operator topology (or, equivalently, in the
weak operator topology, see ref. 31, Theorem IV.22) as the functions
A- 7 (W(iv)) are all bounded operator-valued functions defined on a
separable Hilbert space (see Section 4 together with ref. 3) which are con-
tinuous in the strong operator topology. Clearly, formula (5.2) is the
natural operator corresponding to the classical potential

V(x) =f P y(d2)

R
In order to study the long time behavior of the system, we start with
some preliminary computations relative to (the representative of) the Weyl
operators 7, ( W(v)). In the sequel, we drop the symbol 7, if no ambiguity

arises.
The following calculation is the starting point of our analysis.

[P, a® W(v)] = jR v(dA)[ Wiieo, 1), W(T )]
— i jR V(dA) W(ieo, + T,v) sin(Aa(eq 1. T,v))
— 2 LR W(dA) W(leo,, + T,v) sin(1y,(1))
where

yult) i=0leq 1, T,v) =3<{eq 2, T,v) (54)

5.2. The Perturbed Dynamics for the Weyl Operators

We begin by studying the dynamics restricting ourselves to (the repre-
sentative of ) the Weyl operators W(v).
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Taking into account the above computations and (5.1), the non linear
dynamics on the Weyl operators satisfies the equation
t
of W(v) = W(T,v) +j dsj Wd) P Wiieo 1+ T, ) glv,t—s,4)  (5.5)
0 R
where
g(v, s, 1) :=2sin(Ay,(s)) (5.6)
Setting " :=(t,,..., t;) and A":=(4,,.., 41), let us consider the series
given by
X(v)=W(T,v)+ Y, f dt,,f"dz,,_l---fzdtl
n=1"0 0 0
XJ W(dAy) - v(dh,) W(w,(v, 8,17, 7)) G,(v, 1, 1%, A") (5.7)

where
wo(v, t):=T,v
1 1y .
M}n+1(va Z £n+ s iInJr ) = Wyn(ln+1€0, 1 + Tt—tn+lv’ ["+1’—tn’ Z{”),
Gy:i=1

", A")

1 1y.
Gn+l(Un tn_tn+ =2~n+ )-ZGn(ln+leo,l+Tt—t,,+1U’ ln+la

Xg(U, l_ln+19 }“n+1)

Proposition 5.1. The series given in (5.7) is norm-absolutely sum-
mable on bounded sets of R and describes the non linear time evolution for
all Weyl operators.!?

Namely, if ve (W2(Z)? o), then
X,(v) =afm,(W(v))
Proof. We start by recalling that, if we have a bounded function
LeX— A(X) e B(H)
21f 11 <0, that is when the states under considerations are well defined on all of W,
the series (5.7) defines the nonlinear time evolution for each ve L(Z)2 This could lead to

a slight generalization of some of the results in the sequel. To simplify matters we will not
indulge on such a subtlety.
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between a g-finite measure space (X, #) and the set of all bounded linear
operators on a separable Hilbert space #, which is measurable w.r.t. the
Borel field generated by the strong operator topology, it is a standard
result that

[ atyuan| <[ 14ty el @)

Since, for states w here considered, s, is separable (see ref. 3), we have
W)l =1, |G, <2" and

© |7 [E2Y)
X <1+ ¥ (R |ty
= o 0
i |l| HVH) _ o2l (5.8)

As the serie is norm-absolutely summable, the proof now follows by sub-
stituting (5.7) in (5.5) having taken into account the unicity of the solution
of (5.5) (see ref. 8). |

By induction it is easy to verify that

n

M}n(U’ [, ,[ns j'n) = Z /’Lk Ttk+leO, 1 + TtUa
k=1
Gn(vﬂ [;_[na ﬁln):g(vatitn’ ;{n) (59)

n—1 n
X 1_[ g<T_tk+l|: Z the(),l+TtU:|,tk+1—lk,)vk>
k=1

j=k+1

As a final remark let us notice that, using formulae (5.9) and the
change of variables s, =t — t,, the dynamics can be expressed in the more
convenient form

o (W(v)) = W(T,v) + Z j d, f di, - --ft dt, (5.10)

Xf v(dAy) -+ v(dh,) W(T W, (v, 17, 27)) G(0, £, 27)  (5.11)
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where, in the above formula,

Wn(va !n’ in) = T_th(U, 51— ll»---s 1— lna an)

Y AT _peq +0 (5.12)

k=1
Gn(U’ ln’ En) = Gn(va 11— lls"'a 11— tn’ an)

n . ;L n
Eznnsm<2"<eo,2, y AjT(tk,j)eo,1+T,ku>> (5.13)
k=1

j=k+1

We conclude by noticing that 1, as well as G,,, do not depend on .

6. CONVERGENCE TO THE EQUILIBRIUM

In this section we investigate the long time behavior of dynamical
systems arising from the construction of the previous section. We begin by
specifying the set of states we are interested in.

We consider states w on A(W5(Z)?, o) such that the GNS representa-
tion 7, acts on a separable Hilbert space . We suppose also that the
function

ve WR(Z)? - m,(W(v)) e U(A,,)

is a Borel one, when the unitary group %(,) is equipped with the weak
(or equivalently the strong) operator topology.

We note that all quasi-free states considered in the sequel satisfy the
above conditions, see Proposition B.2, having taken into account that the
Hilbert space #, of the GNS construction relative to such w is separable.®
In this case, as both functions A -z, (W(iv)) and t— 7 (W(T,v)) are
Borel, hence continuous,'? the state w is regular and the dynamical system
WWZ(Z)* o), a’, ) is indeed a QDS according to the definition con-
tained in the introduction.

We assume that o is invariant w.r.t. «, even though part of our
analysis applies also to non invariant states.

31t is straightforward to show that, under the above conditions, the function v — 7 W(v))
is indeed continuous, when the unitary group #(#,) is equipped with the weak operator-
topology (see ref. 27, Proposition 5), as the canonical commutation relation can be easily
enlarged to a continuous group operation on the Polish space W3(Z)*x T in order to
obtain the so called Weyl-Heisemberg group.
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Finally, for reasons which will appear clear below, we deal only with
the CCR algebra A(W%(Z) o). In fact, if £ <0 (that is without infrared
divergences), our analysis applies to the (larger) CCR algebra (W L(Z)?, o)
see Propositions 4.1 and 4.3 together with Lemma B.3.

Under the above conditions, the analysis developed in Section 5
applies.

We consider, on the representation relative to the fixed state w, the
dynamics of arising from the non linear perturbation (5.2) where the
measure v satisfies

[v] :=sup

1 1
o @ <5 (6.1)

2 17 I

if it is not otherwise specified.

For a bounded measure v on the real line, the seminorm defined in
(6.1) is finite if and only if the potential V" can be extended to an analytic
complex function on the open strip of size 1 around the real axis. One
could consider more general situations by introducing the norms

Moz=] 71 ()

These norms allow us to treat potentials analytic in an arbitrarily
small strip around the real axis, provided they are small enough; we choose
not to indulge on this generalization in order to simplify the exposition. At
the moment it is unclear what can be said in general for non analytic
potentials.

6.1. The C*-Algebra Generated by Measures

In order to study the asymptotic properties of the systems at hand we
note that the W*-algebra z,(AW(W32(Z)? o))" turns out to be too large.
However we can deal with a suitable C*-subalgebra M, = 7 (W W (Z)? o))"
which is large enough to be invariant with respect to the non linear
dynamics and to contain all relevant observables (i.e., all Weyl operators),
but sufficiently small to allow uniform estimates in time.

We start with triples m := (m, h, 1) where me N, h: R™ - W2(Z)*is a
Borel function and y is a “suitable” complex measure on R™.

More precisely, given the set

M= {(m, o o) ‘ 3> 0 [ et |u] (dx) < oo}
Rm
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we can define, for each m= (m, h, u) e M,

W)= [z, (W(h(x)) (dx)

RrR™

where the integrals are meant w.r.t the strong (equivalently weak) operator
topology on 7, (W(W2(Z)? 7))". Next, we consider the following linear set
of operators!*

M, = span {J 7, (W(h(x))) u(dx); me M}

Lemma 6.1. ./, is a *-subalgebra of 7 (A(W3(Z)% 7))".

Proof. The closure w.r.t. the sum is trivial. The adjoint follows since
it is easy to check that

[ [ W(h(x))u(dx)} = [ W)t

where & is the complex conjugate of the measure u. The closure w.r.t. the
product easily follows from Fubini Theorem. Indeed

[ e du || [ w0) dust)

= W(hy(x) +hy(y)) dus(x, y)

Rrt+m

where dus(x, y) = e~ "m0 du, (x) dus(y). 1l

Let now M, be the C*-algebra generated by .Z,,.

Proposition 6.2. 9, is globally stable for the one-parameter
group of automorphisms o? of #(A,).

14 Here we are dealing with a *-algebra of measures which is somewhat similar to that usually
considered, see e.g., ref. 20. However, it may be possible to consider a slightly larger
C*-algebra by allowing directly measures on W?(Z)?. Nevertheless, this would entail
several technical problems without adding much to the present results. Thus we have
chosen not to pursue such a generalization.
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Proof. Let | W(h(x)) du(x) € 4,,, then
ot [ W) diae) = [ WO da)
= 3 [ WOn ). 117, 27) Gy, 1,27 27)
n=0

since, by estimate (5.8), the series converges in norm. Now, the nth element
of the series is defined by A(x, ¢*, 1) :=w,(h(x), t, t", A") together with the
measure (except a sign when 7 <0)

dit 2=y 4n(2") G,(h(x), 1, 2", A") du(x) dv(4y) -+ - dv(4,) dt, - -- dt,,

where A% ={(t1,., t,) ER" | t=1,> --- =1,>0}.

Since T, is continuous as an operator from W?2(Z)? to itself, it follows
by (5.12) that there exists ¢, such that |7] 2 <c{|hllp2+30_, 141}
Thus, since [e?"ldu<oo for some &>0, setting & =min{ec; ", 3}
fes 17wz g < o0, that is (2n+m, ki, i) € M. Namely, the above series is
made of elements of .#, and converges in norm so it defines an element
of M,,,.

The statement follows by usual density arguments. |

Next, we show that the Mgller morphisms® exist also in our situa-
tions. Even though this fact is not needed in the sequel, we report it for the
sake of completeness.

We start by defining on 9t ,

v f(A4) =l aj 4

Only in this case we assume that the measure v satisfies the weaker
condition

j 120 V] (d2) < o0
R

instead of condition (6.1).

Theorem 6.3. Both limits

lim P #(4) :=y%"(4)

t— + oo

exist pointwise in the norm topology of 9t .
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Proof. Suppose that |s| <|z|. By (5.1) we obtain

I
Iy F(A) =y ()] SJ dr |[[P, a7 A]| (6.2)

sl

We note that it is enough to prove the statement for the generators
{W(M)} near of M, and, in this case, formula (6.2) reads

Iy (W) = (W) |
<2 jl e [ J, .. IV (d2) ] (@) sim 1) (63)

As, by Lemma B.3,
I, sin 1o 0] ] () u] ()
<f 1A yaco(O1 V] (d) |ul (dx) dt
ey [ 1R [ IHCS) e Il (d)

<[ L] () [ et e ] (d)
ee YR R™

(where ¢ depends on u according to the definition of m), we conclude, by
Fubini Theorem, that the function

foy:=] - sin 0] 1¥] (d2) Jul (dx)

is summable. The assertion now follows since f(#) is precisely the integrand
of the r.h.s. of (6.3). |

6.2. Asymptotic Abelianess
Here we check the properties of asymptotic abelianess for the dynamical

system (M., a?).

Theorem 6.4. The dynamical system (9, «”) is asymptotically
abelian.
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Proof. By density and Lebesgue dominated convergence theorem, it
is enough to check that
lim [ W(u), a?W(v)]=0

t— +

for any choice of elements u, v e W2(Z)? Using formula (5.11) for the time
evolution of the Weyl operators and Lemma C.1, by Lebesgue dominate
convergence theorem we can exchange the limit with the summation. The
proof follows provided that

lim [ W(u), W(T (v, ", 27))] =0

t— + o
for each ne N pointwise w.r.t. ” and A”. But this follows as

lim a<u, T,< > )LkT_,keo,1+v>>:0 1

t— + oo k=1

In order to study the asymptotic behavior of dynamical systems, we
remark the following simple fact.

Consider a state ¢ in the folium .%Z,."> Such a state is given (possibly
in a non unique manner) by a density matrix on the Hilbert space #,, of
the GNS triple relative to w.

Remark 6.5. If the dynamical system (A(W3(Z)% o), «%) is asymp-
totically abelian and w is mixing, then

lim @(a?4)=w(A4) (6.4)

t— +

for each 4 e AW(W(Z)? o).

6.3. Long-Time Behavior

Let us start by fixing some notations.
Recalling the definition (5.12) and (5.13) for w and G respectively, we
define

+ oo + oo + oo
+ S ”
ax(v) ._L dr, L,, dr, LZ dt, jw Wdh,) - v(diy)
X o(Wb,(v, 17, 1)) G (v, 1", 2") (6.5)
for each ve W%(Z)?, neN and af(v)=w( W(v)).

' The folium 7, generated by the state @ of a C*-algebra U is ().
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We have the following

Theorem 6.6. Let w be any invariant state on the CCR C*-algebra
A(WZ(Z)? o) such as those defined in the beginning of Section 6, extended
in the obvious manner to all of 9.

If v satisfies (6.1), then both limits

lim woal:=w*

t— + oo

exist in the (9%, M, )-topology.
We have an explicit expression for any generator W(m) as

o0

W)= Y [ ak(h(x) ud)

n=0 "R

= ijwﬂW(h(x)))mdx)

where aF is defined in (6.5).
Moreover, if o is mixing w.r.t. the linear dynamics, then we have, again
in the a(IMX, M, )-topology,

lim goaf=w*

t— + oo

for each state p € Z,.

Proof. As the unit ball of 9i%, is compact in the weak*-topology, it
is enough to show that the assertion holds for any generator W(m).

Starting from the serie (5.7) and exchanging the summation with
integration we get, by Fubini Theorem,

+

o(aPW(m))= lim f(il)”
=0

t
t— + oo
n

X J , (W, (h(x), 27, 27) G,(W,(h(x), 1", 2"))

where A7 = {(t},... 1,) ER" | £1=>+1,> --- = +1,>0}. Next, lettingne N.
be sufficiently large and choosing se (3, 1) according to Lemma B.3, we
have, by Lemma C.1,
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(W0, (h(x), 17, 27)) G,(W,(h(x), %, 27))]

J\A:’XR”’+"
S g [ et fuf )
< CUL I Uy )" | e Mt | ()

for each />2 provided 7 [v] [y, [ <1.
The proof now follows easily by Lebesgue dominate convergence
theorem and, if w is mixing w.r.t. the linear dynamics, taking into account

(64). 1

Corollary 6.7. The states w* are invariant w.r.t. the evolution a”
and are regular when restricted to the CCR C*-algebra A(W3(Z)?, o).

Proof. The invariance is immediate by the above result since w *(a”4)
=lim,_, ; , w(af, A)=w*(4).

The regularity follows for the serie defining w*(W(v)) converges
uniformly on bounded sets of W2(Z)?* and af(Av) are continuous in 4 by

Lebesgue dominated convergence theorem. |

It remains to investigate the unicity of the limiting state. The argument
we use here may seem a bit indirect, yet it is the only available given that,
in general, we do not know if w* are normal w.r.t. w.

We begin our analysis with the following

Lemma 6.8. For each ve Wx(Z)* we have

lim w*(W(T,v))=w(W(v))

t— oo

Proof. Theorem 6.6 yields

lim o*(W(T,v))= lim i aX(T,v)

t— o0 t—ow T

where af are defined in (6.5). Remembering Lemma C.1, we can exchange
the limit with the integration. By Riemann-Lebesgue Lemma, we get
lim,_, , aX(T,v) =0 for each n>0 and the result follows. [

The next result is the key to our approach to the identification of
limiting states.
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Lemma 6.9. Let pe{w ,o"}. Then ¢ satisfies the following
integral equation:

W) = W) + [ ds | i) p(Weq 1+ Too)) glo.s.2) (66)

Moreover, if @ is mixing w.r.t. the linear dynamics «? and ¢ € %, is
any invariant state w.r.t. the non linear dynamics o”, then ¢ satisfies also
the integral equation (6.6).'

Proof. By Theorem 6.6 it follows
P(W(v)) = p(ag W(v))

= (e W () + ¢ Otdsf v(di)af(Wieq 1+ T,_,v) g(v, t—s, /1)>
= (a2 W)+ [ ds [ w(di) p(Wlieo,, +T,_ ) glv.1—s. )

=l W) + [ ds [ v(di) p(W(Geq 1+ To0) o5, )

due to invariance of w* w.r.t. af. Taking the limit for t— 400 in the
above equation we obtain the assertion by Lemma 6.8.

Now, if ¢ is any invariant state in %, we again obtain the assertion
if @ is mixing w.r.t. «?, see Remark 6.5. |

The following theorem is the announced result on the equality of limit
states.

Theorem 6.10. On the C*-algebra 9t,, we have

ot=0" =w

o0

Moreover, if there exists a state ¢ € %, invariant w.r.t. the time evolu-
tion o, then ¢ =w.,.

Proof. 1t is enough to verify the assertion for the (representative of
the) Weyl operators.

16 The same computations as those contained in the proof show that, if ¢ is one of states
under consideration, it satisfies also the other integral equation

M) =W + [ ds [ w(@n) (e + T0)) e 5. 2)
0 R
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We start by considering the linear spaces Z( W 2(Z)?) (B WE(Z)?))
made of Borel bounded (locally bounded) complex valued functions
together with the (not everywhere defined) linear map F: %, W2(Z)*) >
Bro W(Z)?) given by

Fwy = ds [ wdd) flieo s + Tyo) glves. 4)

0 R

It is immediate to show that F maps Z(W2(Z)?) in B W(Z)?). In
addition, from Lemma C.1 it follows that F” is well defined on Z( W %(Z)?).
Indeed, we have the estimate

) \ 1711 1 wintanyoan
A<D Iy, D exp {2 commmen i1y (67)
e, 1111
for each fe B(W2(Z)?).
Accordingly, Eq. (6.6) can be written as
S =+ F(f) (6.8)

where fo(v) =w(W(v)) and f(v)=@(W(v)) since, in our situation, both
functions belong to Z(W2(Z)?). Hence, we will analyze the bounded solu-
tions of the fixed point equation (6.8) when f, is bounded.

If fis a solution of (6.8), then f satisfies also the following sequence
of equations

F= 3 Sy + P (69)

From the estimate (6.7), it follows that we can take the pointwise limit
in (6.9) obtaining that each solution of (6.8) reads

)= FXfo)v) (6.10)

uniformly on bounded sets of W%(Z)% On the other hand it is trivial to see
that (6.10) is a solution of (6.8). Thus equation (6.8) has the unique solu-
tion given by (6.10). |

The following theorem is one of the main results of this section.

Theorem 6.11. Let the QDS (A(Wg(Z)% g), «, w) be mixing.
Then the QDS (M., «”, w.,) is mixing as well.
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Proof. Clearly it suffices to check the mixing on the Weyl operators.
We start by noticing that . (W(u) «” W(v)) is given by an absolutely
summable double serie whose summands can be chosen indifferently

(Theorem 6.10) as

x G(u, 1, 1) G (v, 1", 7"

at =] [ (Wb 1, 7)) WT 00, 07 7))
Ay xR™ Y4, x R"

Now we apply Lebesgue dominated convergence theorem and obtain

t— + oo

taking into account that

lim  w(W0Ob,(u, 17, A™)) W(T (v, 7%, 7))

t— + oo - -

= oW, (u, 17, 27))) (W0, (v

I~
- N
>0

N
~
—
~—

pointwise, due to the mixing property of w.
Finally,

lim @ (W(u) o W(v))= lim +Zoo a; (1)

t— + o0 t— t+oo

m,n=0

=+ oo

Y, lim af (1)

t— t+ oo

m,n=0

Y () ay(v)

m,n=0

=0,(W(u)) o (W(v))

lim af (1) = L y L (WO, (10, 7, 7)) (W0, (0.

", "))

l~a

We conclude our analysis on the long time behavior of quantum
systems arising by nonlinear perturbations of the dynamics with some con-
siderations about relative normality between w and w.,, both regarded as
states on 9Mi,. In general we cannot give any answer to this interesting
problem. Conversely, for KMS states, we have a full understanding of the
situation, at least for sufficiently small perturbations. We would like to
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remark that a time-dependent perturbation theory for KMS states seems to
be absent in the literature relatively to the case under consideration, as the
dynamical system (9,,, «”) is never a C*-dynamical system and the mixing
property (w.r.t. the unperturbed dynamics) for the states w considered here
seems to be not satisfied for all observables in the von Neumann algebra
T (A(WE(Z)?*, 7)), see below.

We recall the definition of mutually normal according to ref. 36,
Chap. III.

Let w;, i=1, 2 be two states of a C*-algebra 2 with GNS representa-
tions 7;, i=1, 2 respectively. Then w, is normal w.r.t. w, if there exists a
normal homomorphism p of 7z,(2)"” onto 7,(2W)” such that

poTy =T

In the abelian case, this definition corresponds to the fact that the
Borel measure u, on the spectrum of 2, which describe the state w,, is
absolutely continuous w.r.t the measure u,, relative to the state w,.

We have the following

Proposition 6.12. The limit state w,, when restricted to the CCR
C*-algebra A(W?>(Z)?, o), is locally normal w.r.t. the local structure deter-
mined by all finite dimensional symplectic subspaces of Wz(Z)>2

Proof. This is nothing but the von Neumann uniqueness theorem,
see, e.g., ref. 8, Corollary 5.2.15, provided that the state w.,, when restricted
to the CCR C*-algebra A(W?*Z)? o), is regular. But the last assertion is
contained in Corollary 6.7. ||

6.4. The Convergence to the Equilibrium for KMS States

In the case of KMS states, it is possible to have a more explicit
description of the state, thanks to the time independent perturbation
theory.® To explain these facts we fix our attention on the two W*-dynami-
cal systems (M, «?), (M, oF) where Mznwﬂ(Wz(Z)z, 0))" =M,,; wp is one
of the f-KMS state introduced in Section 4.4.

Let .Qf; be the vector given in ref. 8, Corollary 5.4.5 relative to Q
(wp(A) :={Qp, 1, (A) Qp)).

We start with the following

Proposition 6.13. If the QDS (A(W?*(Z)? o), ), wp) is mixing,
then

wp(A) =2}, Mo, (A) QL
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is the unique S-KMS state of i, in the sector determined by the defining
representation of Mi,,. It is a faithful factor state.

Proof. As w is mixing we can conclude, by the mean ergodic
theorem, that €4 is the unique (up to a multiplicative constant) vector
which is invariant for the unitary group e” which implements the linear
dynamics, see ref. 21, Theorem 2.1. Then M A M' =CI by ref. 8, Proposi-
tion 5.3.29. So we again conclude that a); is the unique KMS normal state
on M for the perturbed dynamics a;. Moreover wy is faithful (ref. 8,
Theorem 5.3.10). |

We collect the results about the KMS states in the following

Theorem 6.14. Let wﬁ be any KMS state at inverse temperature f§
for the QDS (W(W?*(Z)?, o), a?, wg) among those analyzed in the sequel
and considered as a (vector) state on all of SIJE

Then,

lim coﬂooc —wﬁ

t— + oo

where w7 is precisely the state given in ref. 8, Corollary 5.4.5.
Moreover, w;; is mixing on imwﬁ w.r.t the non linear dynamics o”.

Proof. The proof consists of the previous results (Theorem 6.10
together with Theorem 6.11) specialized to the particular cases of KMS
states. |

Another situation which is covered by our analysis is the time dependent
theory for ground states relative to non linear perturbation of the dynamics.

Namely, relatively to ground states w , introduced in Proposition 4.8,
we have that a)woa? converges, as t— +o00, to a unique state W, o0+
Unfortunately, it is unclear if w,, , is also a ground state on 9, for the
perturbed dynamics.

Let us conclude the section with few open questions. A natural ques-
tion arises if one considers mixing f-KMS states together with nonlinear
perturbations

Pi= |, (Wiieo 1)) Wdd)

with conditions only on |v| (R) and no conditions on higher momenta of
the measure v. In this case, in order to conclude that

Im w ooc =w?
t— + oo ﬂ ﬁ
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it could seem natural to proceed in analogy with the arguments contained
in ref. 8, Proposition 5.4.13. Unfortunately, in order to argue along such
lines, a stronger condition on clustering is required, that is strong cluster-
ing on all elements of the associated W*-algebra, which seems not to be
available in the present setting. More in general it would be very interesting
to develop a non-perturbative approach to the questions treated in this
paper.

Last we would like to remark that, if one considers quantum harmonic
crystals in higher dimensions, then non mixing quasi free KMS could arise
as a Bose condensation of phonon could take place, see ref. 8, Section 5.2.
In this case we could not conclude that the limiting state is a KMS state
relative to the non linear dynamics.

APPENDIX A

In this appendix we perform some necessary but standard and boring
computations.

We start by considering, for z¢ [ —1, 0] and k € Z, the following func-
tions

ikmx

1t e
fk(Z)-:EJ_l de (A.1)

where w(x)=(cos nx —1)/2. We note that f, is even w.r.t. k. In order to
compute the above sequences of functions, it is necessary to study the zeros
of the polynomial

P(l):=0—2(1+22)+1
as we will see below. P({) is equal to zero for
Ci =e~

where 2(1+2z):=e¢"+e™ ", y=a+if with «a>0 and [0, 2x). Or, in
alternative,

Cy=1+42z4/(1+22)2—1 (A2)

where the square root is defined with the cut [ —1, 0] and with the sign
chosen according to the preceding definition (that is, the root is positive for
zeR,). It follows that |{,|=1 if and only if «=0, but this implies
Im(1+42z)=0 and |Re(1 +2z)|<1. Thatis ze[ —1, 0], which is excluded
by hypothesis. Hence, { _ will always lay inside the unit circle.



994 Fidaleo and Liverani
Now we are ready to prove the following

Lemma A.1. Forz¢[—1,0] and ke Z we have

20_(z)"
flz)=
(1+2z)*—1
Proof. As f; is even in k, we restrict ourselves to k>0. After an
elementary change of variable we get

2

Ck
fuﬂzgiﬁblﬁ—au+2@4+1

dC

where the unit circle is counterclockwise oriented. Now the denominator
can be written as

P(O) = (=, (=L (2)

So, by the above analysis, the integrand has only a simple pole
{={_(z) inside the unit circle. The proof now follows by the Residue
Formula. ||

Taking into account

1 1 eiknx
2 f_l o) =z P =00+ Zil2) (A3)
and
ljl praox) - 2Ap+az)
2 —1 (U(X)—Z (1+2Z)2—1

it follows that the function d(z), defined in (3.5), reads as (3.7). It has a
pole if

ptaz
l—a—4 2" =0
Cf_C+

that is

(I—a)((_-={,)=4p—2a+all_+L,) (A4)
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which implies
(1—-2a)¢_—{, =2(2p—a)

Since {, =e*™ remembering that a=1—1/M < 1, it is easy to see
that the imaginary part of the above equation is satisfied only if sin f#=0.
This implies that both {, , and z must be real; in addition cos fe{ —1, 1}.

If cos f=1, then {, =e** and

14+2z=cosha>1

implies z > 0. Accordingly, (A.4) reads

p+az
—a

sinha= —2 (A.S)

Since, for z >0, we have sinh « =./4z%> +4z > 2z if M <1, hence p >0,
the r.h.s. of (A.5) reads

2
—1—p+2(1—M)z<2(1—M)z<2z
—da

so (A.5) has a no solutions. If, on the other hand M > 1, Eq. (A.5) has a
solution iff p <0, that is iff M >1—K/u.
If cos f= —1, then { , = —e** and
—(1+2z)=cosha>=1

implies z < — 1. Using again (A.4), we have

ptaz
l—a

sinh =2 (A.6)

The above equation has always a solution if M <1, while if M >1,
Eq. (A.6) has a solution iff

K
M<l+——
l—p

In other words d(z) has no poles outside the interval [ —1, 0] iff
1+ K/(1—u)<M<1—K/u; we will always assume such an inequality in
the rest of this appendix.



996 Fidaleo and Liverani

Now we compute, according to the preceding lemma, all the matrix
elements which we will need in the sequel. Namely, setting

ex(x) := ™™
we define (R(z) := Ry(z), see (3.6))

Ry(z) :=er, R(z) e
The following contour integrals

1
b LC F(z) Ry(z) d=

allow us to compute all the matrix elements of the operator F(®) when F
is analytic in a neighborhood of [ —1, 0].

Lemma A.2. For zeC\[ —1,0], we have

Ry(2) = fie—1(2) = 0(2) [l 2)[(p +az) fi(z) +ad ]

Proof. Taking into account formulae (3.6) and (A.1) for R(z) and f,
respectively, the assertion follows easily by (A.3). ||

An ecasy but tedious calculation yields the next lemma.

Lemma A.3. Let F be an analytic function on a neighborhood of
[—1,0] and assume 1 + K/(1 —u) <M <1 — K/u. Then

1 1o
o jyc F(z) Ryy(=) d= = L dx F(x) ry(x)

where r;,;(x) is, for xe(—1, 0), the continuous function given by

ro(x) ::cos[|k—l| b(x)] N 1
Jx=x J=x—3[p+ax)*+(1—a)(—x—x?)]
x{(a—a*)(—x—x%) 5,
x cos[ k| b(x)] —(p +ax)* cos[(|k| +/]) b(x)]
+(ap +a*x) /= x —x2 3, ¢ sin[ |k| b(x)]
+(1—a)(p+ax)/ —x—x*sin[ (|k| + |I]) b(x)]}
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Here ./ —x—x? is the arithmetic square root of —x—x*>0 and
b(x) :=arccos(1 + 2x).

Proof. The computation can be easily made as the contour yp,
collapses on the interval [ —1, 0]. Indeed, as it is well known, the square
root \/(1+42z)>—1 has limits as z tends to xe[ —1,0] from above and
from below on the complex plane. These limits are (according to the defini-
tion of the square root) =+ 2i./ —x — x? respectively. Moreover, by (A.2),
we have for xe(—1, 0)

lim |{,(x+ie)| =1

e—>0t
so that the argument

b(x):= lim B(x +ie)

e—0t

coincide, on the upper side of the cut, with arc cos(1 + 2x) again by (A.2).
The proof now follows via a direct computation by using Lemma A.1
together with Lemma A.2, remembering the expression (3.7) of d(z) and the
discussion on the poles of d(z). In fact, all functions appearing as
integrands in the r.h.s. of the formula are summable on (—1,0). The
integral of the functions appearing in the r.h.s. of the formula, taken on a
small circle (in the complex plane) of radius ¢ centered on any of the
ramification points 0 and —1, are of order 0(\/; ) as ¢ goes to zero. ||

Remark A.4. A direct inspection of r;,(x), shows that

Fa(x) =/ = x = x2 ([k| + |1 + 1) i (x)

where 7;,(x) are continuous equibounded functions on [ —1,0].

Furthermore, setting r,(x) =0 for x¢ [ —1, 0], rx,(x) can be extended
to an absolutely continuous function on all the real line with derivative in
LP(R) for each 1 <p <?2.

APPENDIX B

Following the computations contained in the previous appendix, we
investigate some relevant properties related to (possibly unbounded) func-
tional calculi for the operator .

We begin with the investigation of the explicit expression of 4" which
(with an abuse of notation) describes the linear dynamics on the CCR
C*-algebras (U(W™(Z)?, o).
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By Proposition 3.1 and formula (3.4), setting R(z) := Rg(z), we get

1 tz

F_IR I 71"—1R
S W G Gt R
e S R T L k)
(2n+1)! (2n)!

where the integral is meant in the norm sense.
Thus, defining the entire functions (w.r.t. the variable z)

z t2n+1

0 2n)!” § @n+1)!

hy(z,1):= ).

we have the following representation for the one parameter group T4
which implements the dynamics on the phase space:

T"=—L_j dz

<hp(z+u, NI 'R(2)T (z4+u)hy(z+pu, Z)F_IR(Z)>
! 2ni J,,

hy(z+u,t)R(z) I’ hy(z+u,t) R(z)
(B.1)

for ©,=0+ul
Continuing our analysis, we note that, due to Lemma A.3, the func-
tions

Y, v F(X)
P

have the role of the density of spectral measures, at least for finitely sup-
ported sequences. Then, if u, v are sequences with finite support, we set

Ty o(X) 1= Z g0 757(X)
k1

The following estimations is crucial in the sequel.

Proposition B.1. The following assertions hold.

(i) Letu,vel*Z) and {u,}, {v,} sequences made of elements with
finite support which converge in L*(Z) to u, v respectively. Then

Fuo(X) :=limr, ., (x)
n
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uniquely defines a function in L'(—1,0) which satisfies the following
estimate

1

0
21 Il dxe< €l iy ol (B2)

(i) If u,ve Wg(Z), then r, (x)/\/ —x belongs to L*(—1,0) and
satisfies

sup
xe(—1,0)

\/— <G, flull w2(z) [[v]l w2(z) (B.3)
—X

where sup is the essential supremum on (—1, 0).

Proof. (i) If u, v are elements of L*(Z) with finite support, then
7. .(Xx) is a continuous function on (—1, 0) (see Remark A.4). Now, taking
into account that I" ~'2F(®) I''? is normal for each F analytic in a
neighborhood of (—1, 0), we have by Proposition 3.1 and Lemma A.3,

1 o0
’f dx F(x) Y, igv,r(x)| = [<TV2u, I =2F(0) IV =12y
T Y1

k, 1

< |2ully |11~ 120]l 5 spr(I~12F(0) I''2)

lul5 llvl, max [F(x)
xe[—1,0]

1
S/i—a

where the last inequality follows by the Spectral Mapping Theorem and the
fact that ||I" 2| =1/,/1 —a. Now, as the analytic functions are dense in
the space of all continuous functions on [ —1, 0], we have (B.2) for finite
supported sequences, with C;:=1//1 —a.

Finally, if u, ve LZ), we choose sequences {u,}, {v,} made of
elements with finite support which converge in L*(Z) to u, v respectively,
we get

n> “n

0 0 0
[ o) =1 N X <[ Ay (O dx [ I, ()] d
—1 —1 —1
that is, taking into account the above estimation, the sequence {rumvn} is
a Chauchy sequence in L'(—1,0) which converges to a function r, , in
L'(—1,0). At the same time one can prove that this function does not
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depend on the sequences {u,}, {v,} chosen in order to approximate u, v
in L*(Z). An elementary application of Fatou Lemma yields that estimate
(B.2) holds for general elements u, v of L*(Z).

(i1)) Considering again finite supported sequences we have, after a
Taylor expansion near 0~ of the circular functions appearing in the defini-
tion of ry;(x) (see Lemma A.3 and Remark A.4),

|7, o X))
N/ — X

The assertion follows immediately by the last estimate and a simple
approximation argument in W?(Z). |

<SGy (R241) fuel Y (2 +1) o]
k I

For general elements u, v of L*(Z), we symbolically write for r, ,(x)
T ol X) = Z Uy 0T g (X)
k1

where the last formula is understood as a limit in L'(—1, 0).

As the operator I ~12@I'V? is self-adjoint (see Proposition 3.1), one
can define the Borelian (possibly unbounded)!’ functional calculus for ©.
Then, if F is any Borel function on R_, we set

F(O©):=T'"2F( —\2@r\2) 172

where the domain of F(0) is determined by the domain of F(I" ~'2@I'?),
see [ 10, Part I1]. Taking into account the above considerations, the next
proposition follows by Proposition B.1 and Lemma A.3.

Proposition B.2. The following assertions hold.

(i) If FeL*(R) and v, we L*(Z), then

1 roO
o FO)wy = | dx F(x)r, ()

7In the spirit of the following proposition, if Fe L*(R_, ./ —x dx) and v, we W2(Z), then
v, we Dom(F(@)) and

0
RO T O wy =1 [ dx P, 0
1

Then the bilinear form Q2 of Proposition B.2 is given by

Q,rp(v, w) = (T ~'F(@) I'v, F(@) w)
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(ii) If Fe L\R_,./—x dx)and v, we W*(Z), then the bilinear form
Or(v, w) is well defined by

1 O
Orlv,w)i== [ dx F(x)r, ,(x)
T J—1

In addition, it is continuous on W*(Z) x W*(Z).

Proof. The only non-trivial part is (ii). The difficulties is that the
above mentioned unbounded functional calculus is clearly well defined only
for Fe L(R_, ./ —x dx), otherwise the domain of F(@) could be too
small. Nevertheless, we are interested just in quadratic forms with domain
containing W?(Z) which can be easily defined. Let F,e L*(R_, ./ — x dx)
be a sequence converging to Fin LY(R_, ./ —x dx). Then, for all v, we
w(7)

dx
 —x

Thus, we have a Chauchy sequence and the natural definition

<o F,= <z ([ 7
T -1

n

(x)— Fm(x)|> o]l WZ(Z)| wll w2(Z)

Qp(v,w)= lim (v, F,w)

n— oo

Clearly, the limit does not depend on the approximating sequence and
enjoys the representation (ii). The continuity is straightforward. ||

One of the most important consequences of the previous result con-
sists in the possibility of computing relevant dynamical functions as in the
following

Lemma B.3. Foreach 4 <0, 3<s<1 and elements ve W'(Z)? the
s-powers of the functions

yE(t) = v, erleq 5>
are summable on the real line; furthermore

lim y%(t)=0

t— o0
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In addition, we have

[ys 1l < edu) ol iz
74 1o < coo(p) [0 wl(z)?

Proof. Recalling the definition of S in (4.1), the representation (B.1)
of T% yields

2

;j Tz sin(en) Y, (S0} rol — (4 w0)
+2
7[

= " de & cos(ér) kgz (Sv)z rro( — (&> +p))

where

reo(X) ={(1—a)> (=x—x*) 4+ (p +ax)*}
x{(1—a)/—x—x*cos(b(x) |k|)+ (p +ax) sin(b(x) |k|)}

Since 7,4(0) =ro( —1) =0, the above functions can be extended to a
continuous function on R by setting them equal to zero outside [ —1, 0].
Riemann—Lebesgue Lemma together with Proposition B.1 yields that y%(¢)
is a continuous function which vanishes at infinity so we have the second
estimate for some constant ¢ (u).

Next, for £e[/ —u, /1 —u], one easily recovers
’ d

diu&—(é#u))‘ <oy K [(@+1) = (E4+p)*] 12 (B4)

Clearly, for a finite supported element we W'(Z), r,, ¢ belongs to
L?(R) for each 1 <p <2. Furthermore, we compute

Sw
l=

1
U o (@) sin o= [ dE| o (—(&40) | cos

df W 60

Accordingly, if we set (&)= —ir(sy ¢+ (s e, SO that y,=
(2/2/\/n) x Re[ F(g)] (where F(-) stands for the Fourier transform),

F(g)* IF(g)(1)]?
t Sdt< dt —=
jR 17:(0)] csz Frrdre jR e
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Thus,

1—(s/2)
[ o de<ea [ e nmomem | g

2/3
wos| [+ 1072 1A,

<y 18l + s 1811 - 1381

<G ”U”Swl(z)z

where we have used the Holder and the Haulsdorff-Young inequalities
since 3< (1 —(1/3s)) "' <2.

By the above estimate we have the assertion for finitely supported
sequences. Now, if ve W'(Z)?, we choose a sequence {v,} made of
elements with finite support which converges in W1(Z)? to v. We have, by
Fatou Lemma,

[ 1yl dr <timing [ |y (o)) de

<o) [vlzy

which is the assertion. ||

APPENDIX C

This appendix contains a crucial estimate for the study of the long
time behavior of the non linear system.

We recall that A7 = {(t,...t,)eR":t>t,> --- >1,>0}, 7, is defined
in (5.4), G is given in (5.13) and finally [v] is defined in (6.1).

Lemma C.1. For each se (%, 1] we have the estimate

|, JGC ) diy ey o] () - V] (a2,

7ol
<2 Hvﬂn HyeoJH’ll exp {ZS H;i oL In(in m)1/(In n)

eO’lHl

where ¢ > e 1s some constant.
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Proof. We start by setting

WO =7, (1), T(2):=7p,(1)

as ¢y and v are kept fixed through the following analysis.
Using the representation (5.13), it follows

A n n i . ;\, "
Gz =2 11 [sin (% 3 Ztee—o) 410 )
k=1 j=k+1

i A r A

<2" [] | |sin <k Y /ljy(tk—tj)>‘ + |sin <kF([k)>H
k=1 2 j=k+1 2
rorz Ar A . (A

<2 ]_[ Z % [p(tx — ;)] + |sin <2"F(zk)>H

k=1Llj=k+1
1

-y T I

j=0 Ac{l,n—1} k¢4
#A=j
n
x 11 [ > 2l |y(tk_tl)|}
keali=k+1

n—1

=x27 ¥ 2 11
j=0 Ac{l,..,n—1} oe&, k¢A
#A=]

sin </12k F(Zk)> ’

x [ |2k 2oy | 17(E = L oaey)

keA

where 5, :={0: 4 — {2,..,n} | o(k)>k}. Next, we would like to integrate
the above expression. The difficulties come from the fact that the integrand
does not have the invariance w.r.t. the permutations of the variables which
would make easy to handle the domain of the integral. It is then convenient
to “symmetrize” the above expression, nevertheless this must be done with
some care in order not to spoil the subsequent estimates. To do this, we
consider the following »n x n matrices

B(A =
[B(4,0)]u {5k1_5a(k)l keAd

for each o e {1,..,n}* with |4| <n, and define

E,={oe{l,..n}"||det B(4,0)| =1}
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As |det B(A4,0)| =1 if o€ 5, we have 5, Z,. Moreover a permuta-
tion 7€ P, acts in a natural way on o€ {1,..,n}* and it is easily seen that
Z, is globally invariant under this action.

Continuing our analysis we get

n—1

R . . (A
j Gl< Yy 277 % sin <kF(tk)>
47 xR” j=0 Ac{l,n} ceB, "AXR" gy 2
#A=j
X n |2k )a(k)| |7(2x a(k))|
keAd
1= s
<— Z 2" > sin | — I'(1)
! Ac{l,.,n} oceF, "R"<R" ;g4 2
#A=j
x [ [k Aoty V(e — Lo

keAd

where we have used the invariance by permutations.!®

Let us now consider the change of variable (A}, t;,) = (A, 1) if k¢ A
and (g, 13) = (Ag, tx — o) if k € A. The Jacobian of such a transformation
is exactly |det B(A4, )| which is precisely 1 by definition. Accordingly, the
following estimate is obtained

J " 3
x ,JR [T 1cdouy (el T1 Sin(‘;F(tk)

xR 1 k=j+1

)

18 Given any function f R*— R and g: R* > R and, for each permutation = of {1,.., n} and
L >0, defining A(n) :={1eR" | 0< 1,14 <104 1) <L}, it follows

> > f IT /G, t) TT &g, 1, Jotiys Loty

Ac{luwn} oeF, “AGXR" 4y 4 ked
#A=
1
S; > > [T fCas t) TT 82k 1, Aok Latiey)
T Ac{lu,n) oeE, T[OLIXR" g4y ked
#A=]

To see this it is enough to apply the change of variables (4, t}) = (Azx)> tax)) to the first
member of the above expression whereby obtaining

Z Z J‘ l_[ SOks te) n &gy tis 2oy Loky)

Ac{ln) ceF, TADMXR" gy ke4

and then notice that the A(x) are all disjoint and their union is exactly [0, L]".



1006 Fidaleo and Liverani

To continue, let us notice that, for each se(2,1] and >0, we can
write

[ Isin(or(n))| < 1+ Isin(07°(1)))|
R {Irmi<o-1

{Ir@|>6-1}

</ o 10+ 011(0)' | I(0)*
{Ir@l>o0-1 {Irmi<o—1

<P

where we have used the results of Lemma B.3. Moreover, notice that, for
each se€(0,1] and k>0,

e [ T () 11 .
J @ i< o | fRM (@) A

[ Lo
|4

l 1—s
XURM (d/l)(k_l)!} (k—1)!

<k(k—1)! V] <k! V]

where, keeping in mind the definition (6.1) of [v], we have used the
property (5.3) for v and Jensen inequality.

Collecting the last results and using again a bit of combinatorics'® we
obtain

Y Let {ky,.... k;} be a partition ofj ie, X! _1 k,=j). The number of g€ {1,.., n}/ such that
#01(i) #0 are exactly {ky,.., k;}, is precisely

/ i—k,— .. —k
<j><kjl><j 1 " 11>=<’;>[k1!~~k11]1/‘3

while all the possible partition in / elements are less than

()

which is the number of ways in which one can section the string (1,..., j) in / segments (the
size of each segment is the size of the one element of the partition).
For more details see ref. 12.
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U ] L <n>2 o
G 2= —s)
Lﬁ’x R” | L\

j=1\J

N

J
XX e

I=1  {kyses ky}

un<> o 1o .f<j>
< =1 —=s5) ;| JNCIsN =7
w2 ARl W O

I—

n n n ‘ . 2—j5 —J S| J
2" Iyl X i) P17 11

j=1

Since (7) <n*/k! and k! >k*e =¥, for each x>0 and L <n/2, it holds

o\ x BTV o N n
j§0<j> T <[L]>+ L2

i i
Jo =0 J =

[L]—1< ne >[L] X/ 2nyIEIn—IE1 xJ GI[L]
=0 \[L] VAR P2 e AN VR SR A DL

J(re L N 2nxtet ) |
&S e e
L Lt

So, by choosing L =n/(In n + 3) in the above estimate, we finally have,

f 1G] <27 [|p]|7 [v]™ "I/ 171D (n o b /i )
A", x R"

where c¢ is a suitable constant greater than e. ||
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